We study pseudo-holomorphic curves in the nearly Kähler 6-manifold CP 3 . First, we introduce two classes of pseudo-holomorphic curves, called horizontal and null-torsion, respectively. We show that both classes are in one to one correspondence with contact holomorphic curves studied by Bryant in the Kähler manifold CP 3 . The correspondence between horizontal curves and contact curves can be seen from their definitions.
The major part of this paper is to introduce and study another important class, called null-torsion curves (see Definition 4.6). Such curves are specified by a second-order condition. To classify such curves, we introduce a double fibration which will play a crucial role. First, we define the flag manifold F to be the set of pairs of complex lines ( This, combined with Weierstrass representations, completely characterizes pseudo-holomorphic 2-spheres in CP 3 .
Finally, we say a few words about the notational convention used in this article. Throughout the paper, we use the unitary summation convention. Whenever an index appears both barred and unbarred in a term, summation over the index is understood. Thus, for example,
Moreover, in an expression like b j , the index j is regarded as unbarred. We sometimes denote different bundles by the same letter. This should cause no confusion because these bundles live on different base spaces. Also, we use E T to denote the bundle T * (E) pulled back by a map T . Occasionally, we use E itself to denote the pull-back bundle if the map T is clear from the context. The relation '∼' means an isomorphism between two holomorphic vector bundles.
SU(3)-structures and nearly Kähler 6-manifolds
We start with a brief introduction on SU(3)-structures and nearly Kähler 6-manifolds. Given a 6-manifold N, we let F be its total coframe bundle, i.e.,
where represents a linear isomorphism between vector spaces. The projection map π : F → N, which sends (x, u) to x, naturally defines a principal GL(6, R)-bundle over N. The right action of GL (6 
We identify C 3 with R 6 in the standard way. Let {dz 1 , dz 2 , dz 3 } be the standard basis of complex linear 1-forms on C
.
Let Ω 0 and Ψ 0 be the standard symplectic 2-form and complex volume 3-form on C 3 , i.e.,
Suppose N is equipped with an SU(3)-structure P. Then the forms Ω x = u * Ω 0 and Ψ x = u * Ψ 0 do not depend on the choice of (x, u) ∈ P x . Hence P naturally induces a real 2-form Ω and a complex 3-form Ψ on N.
Conversely, suppose N is equipped with a real 2-form Ω and a complex 3-form Ψ such that, at each point x, there exists a linear isomorphism u : T x N → R 6 satisfying u * Ω 0 = Ω x and u * Ψ 0 = Ψ x . Then, the set of such u's defines an SU(3)-structure on N, because the elements in GL(6, R) preserving (Ω 0 , Ψ 0 ) form the subgroup SU(3) ⊂ GL(6, R). In other words, SU(3)-structures and pairs of such forms (Ω, Ψ ) are equivalent. For this reason, we will also refer to (N, Ω, Ψ ) as an
SU(3)-structure.
Besides Ω 0 and Ψ 0 , any SU(3)-invariant quantity on R 6 may be transplanted to N via an SU(3)-structure P. We are particularly interested in the induced almost complex structure J and the metric g. We let J 0 be the standard almost complex structure for R 6 under which dz 1 , dz 2 , dz 3 are complex linear. Since SU(3) leaves J 0 invariant, the almost complex structure J x = u * ( J 0 ) defined on T x N does not depend on the choice of (x, u) ∈ P x . Therefore, associated with the SU(3)-structure P, there is a well-defined almost complex structure J on N. Similarly, the metric g at each point x is defined by
We now define Calabi-Yau structures and nearly Kähler structures.
It is natural to define a 'pseudo-holomorphic surface' in an SU(3)-manifold N (or more generally, in any almost complex manifold) to be a smooth map X from an almost complex 2-manifold (S, i) (of real dimension 4) to N such that 
It is not hard to show that if (N, Ω, Ψ ) is Calabi-Yau, then the corresponding bundle P is equipped with an su(3)- 3×3 , such that the following structure equations hold
For nearly Kähler, the structure equations read Combined with Newlander-Nirenberg Theorem, the structure equations imply that the almost complex structure of a Calabi-Yau structure is integrable, but the one of nearly Kähler is not.
Projective spaces and the flag manifold
In this section, we carefully investigate the geometry of the double fibration (1.1) in moving frames. We start with the Lie group Sp(2).
Quaternions and Sp(2)
Let H denote the real division algebra of quaternions. An element of H can be written uniquely as q = z + jw where z, w ∈ C and j ∈ H satisfies j 2 = −1, zj = jz for all z ∈ C. In this way, we regard C as a subalgebra of H and give H the structure of a complex vector space by letting C act on the right. We let H 2 denote the space of pairs (q 1 , q 2 ) where q i ∈ H. We will make H 2 into a quaternion vector space by letting H act on the right
This automatically makes H 2 into a complex vector space of dimension 4. In fact, regarding C 4 as the space of 4-tuples
This specific isomorphism is the one we will always mean when we write C
We now introduce the structure equations of H 2 . First we endow H 2 with a quaternion inner product , : For our purpose, we write
where ρ 1 and ρ 2 are real 1-forms while ω 1 , ω 2 , ω 3 and τ are complex-valued.
The flag manifold F
As a homogeneous space,
. Equivalently, we may think of F as consisting of pairs of complex lines
We define the projection map C : F → F by
The formulae,
implied by (3.1), show that, with respect to this fibration, the forms ω 1 , ω 2 , ω 3 , τ and hence their complex conjugates, are semi-basic, i.e., they annihilate vectors tangent to the fibers. By letting ω 1 , ω 2 , ω 3 and τ be complex linear, we define an almost complex structure on F. Hence, a complex 1-form α on F is of type (1, 0) if C * α is a linear combination of {ω 1 , ω 2 , ω 3 , τ }. Moreover, it is easy to see from the structure equations (3.2) that
Thus, in fact, F is holomorphic, by Newlander-Nirenberg Theorem. 
Similarly, the Hermitian connections are iρ 2 on 2 , −iρ 1 on 1 j, and −iρ 2 on 2 j. Since the curvature dρ a (a = 1, 2) is of type (1, 1), these line bundles are in fact holomorphic by Newlander-Nirenberg Theorem.
Nearly Kähler CP
for any e ∈ F. We immediately see that C 1 gives F 
A cautious reader may have noticed the similarity between (3.4) and the nearly Kähler structure equation (2.1). In fact, it is easy to check that In other words, this SU(3)-structure on CP 3 is nearly Kähler.
We denote
The other part of the structure equation (3.2) 
for any e ∈ F, where we remind that C is the projection map F → F. We immediately see that C 2 gives F the structure of an S This theorem will play an important role in this paper.
The orthogonal complement η ⊥ in T * CP 3 has an induced connection given by the matrix-valued 1-form
. Finally, note thatQ splits as 1 ⊕ 1 j when pulled back to F.
Pseudo-holomorphic curves in CP 3
In this section, we prove our main results. The reader may find it helpful to keep the diagram (1.2) in mind. First, we study the 'left' half of (1.2). We will construct various holomorphic data in a way similar to Section 4 of [3] . 
Curves in CP
This bundle is usually called 0-adapted in the general theory of moving frames.
The natural map F X → F pulls back various quantities on F, which we still denote by the same letters. For example, f1, f2 now denote functions on F X valued in H X and f3 now valued in V X . The structure equations (3.4) 
Since we are working over a Riemann surface, it is well-known that there is a unique holomorphic structure on any Hermitian vector bundle compatible with the Hermitian connection. Hence, all pull-back bundles from CP 3 with the induced connections are holomorphic. Moreover, the Hermitian bundle isomorphism between H and 1 j ⊗Q pulled back to M gives a holomorphic bundle isomorphism
Similarly,
as holomorphic vector bundles.
Another thing to notice is that {ω i } are semi-basic with respect to x : F X → M 2 . Moreover, they are of type (1, 0) since d X is complex linear. Set
It is clear that I 1 and I 2 are well defined sections of H X ⊗ T * M 2 and V X ⊗ T * M 2 respectively where T * M 2 is the holomorphic line bundle of (1, 0) forms on M Lemma 4.1. The section I 1 (I 2 ) is holomorphic. Moreover, I 1 (I 2 ) only vanishes at isolated points unless I 1 (I 2 ) is identically zero.
Proof. We only show I 1 is holomorphic and leave I 2 for the reader. Choose a uniformizing parameter z on a neighborhood of x 0 ∈ M. In a neighborhood of x −1 (x 0 ), there exist functions a i so that ω i = a i dz. It follows that ω i ∧ ω j = 0, so we have, from the structure equation (3.4) and (3.5),
Thus, when we compute∂I 1 we have, with (4.1) in mind, 3 . In particular, they are first-order invariants of X , in the sense that they only depend on 1st order derivatives of X .
We will call a curve with I 1 ≡ 0 (I 2 ≡ 0) vertical (horizontal). Of course, vertical curves have image in the fibers CP 1 of the twistor fibration. To study horizontal curves it does no harm to reverse the almost complex structure on the fiber of T . Then, the horizontal curves become contact. By invoking Theorem 3.4, we see Proposition 1.2 holds.
We now assume I 1 is not identically 0. Then there is a holomorphic line bundle
In this way, I 1 is regarded as a nonzero section of L ⊗ 1 X j ⊗ T * M. We let R 1 be the ramification divisor of I 1 . That is, 
Similarly, if I 2 does not vanish identically let R 2 be the ramification divisor of I 2 . Then R 2 is effective and 
X as the subbundle of pairs (x, e) with e 2 j ∈ L x . Then, F
X is a S 
From this frame adaptation and the definition ofX , we have holomorphic bundle isomorphisms
Note that, since I 1 has values in 2X j ⊗ 1X j ⊗ T * M, we have
X . 
Now, since E 1 = e 1 z and ω 1 = 0 on both bundles, these two identities imply
Thus, if I 1 (x) = 0 and hence s * (ω 2 )(x) = 0, then the line [e 2 ] x coincides with [E 2 ] x . In other words,X(x) = χ (x) if I 1 (x) = 0. But I 1 vanishes only at isolated points, soX = χ must hold everywhere on M.
To a reader who is familiar with moving frames, this observation is more or less of abstract nonsense. In fact, it simply reflects a special feature of a general fact about the moving frame theory that the 1-adapted bundle depends only on the first order jets of the map X . It will be useful in the proof of Theorem 1.3.
Differentiating ω 1 = 0 gives us
But since both ω 2 and ω 3 are complex linear, we have ω 2 ∧ ω 3 = 0 and consequently,
Soτ is complex linear.
Using (3.13) and (3.14), we see that along the fibers of F 
Note that from the discussion at the end of Section 3.2, the connection on 2X is determined by iρ 2 . Hence it holds that
Definition 4.6. We say a curve has null torsion if it is not vertical and II = 0. Such a curve is called a null-torsion curve.
Remark 4.7.
The definition does not exclude horizontal curves from the null-torsion curves. However, if X is both horizontal and null-torsion, the structure equation (3.2) reduces to the equation for some CP 1 . It is not hard to prove that X must be a horizontal CP 1 . In view of Corollary 4.15 that we will show, these two classes do not overlap much.
Remark 4.8.
It is worth comparing this definition with the null-torsion notion defined for S 6 in [3] . The two concepts have little in common except the name. In fact, the null-torsion condition for S 6 is of 3rd order while it is of 2nd order for CP 3 .
If X has null torsion, then τ = 0 on F
X . Thus, we immediately have:
Proof. Remember the holomorphic structure on F defined in Section 3. 
∼ C.
(4.11)
We are now ready to prove Theorem 1.5. 
Note that, since J has values in 2Ŷ j ⊗ 1Ŷ j ⊗ T * M, we have
Y . 
